This paper examines the relationship between volatility shocks and preference shocks in an analytically tractable endogenous growth model with recursive preferences and stochastic volatility. I show that there exists an explicit mapping between volatility shocks and preference shocks, and a rise in volatility generates the same impulse responses of macroeconomic aggregates as a negative preference shock.
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Non-Technical Summary
Since the late 2000s, both empirical and theoretical studies have shown that time-varying volatility has significant effects on economic activity. The current research on volatility shocks has been primarily based on quantitative dynamic stochastic general equilibrium models. However, the complex nature of these models makes it difficult to develop intuition regarding the implications of volatility risk. This paper develops an analytically tractable model useful for both economic researchers and policy-makers to better understand the nature of volatility risk prevailing in the economy.
Introduction
Since the late 2000s, time-varying volatility has attracted the attention of macroeconomists, with both empirical and theoretical studies showing signi…cant negative e¤ects of a rise in uncertainty on economic activity. 1 The current research on volatility shocks has been primarily based on quantitative dynamic stochastic general equilibrium (DSGE) models. However, they are di¢ cult to use to obtain intuition about the properties of volatility risk. In this paper, I attempt to make some progress along this line by providing an intuitive interpretation of volatility shocks through an analytic model. The paper constructs a tractable continuous-time endogenous growth model to analyze the relationship between volatility shocks and preference shocks. The model economy consists of in…nitely lived households and …rms. The representative household has recursive preferences over a numeraire consumption good, and makes consumption-saving decisions over time. The representative …rm produces the consumption good using a production technology that is linear in capital, and faces uncertainty about the capital depreciation rate. Capital depreciation shocks exhibit stochastic volatility, which follows a mean-reverting Cox-Ingersoll-Ross (CIR) process. The Pareto optimal allocation of the economy is solved in closed form up to a second-order ordinary di¤erential equation. The model highlights that an increase in volatility can slow the growth of output and consumption in the absence of any level shocks.
The main …ndings of the paper are twofold. First, I prove that there exists a linear function mapping volatility shocks into preference shocks. To show this, I construct a hypothetical economy identical to the benchmark economy, except that the representative household faces some properly speci…ed preference shocks and the variance of capital depreciation shocks faced by the representative …rm is constant. The form of the linear function suggests that an increase in volatility in the benchmark economy resembles a negative preference shock in the constructed economy, where the size of the implied preference shock is proportional to the risk aversion of the household and the deviation of volatility from its long-run average. The second major …nding is that a temporary increase in uncertainty generates exactly the same impulse responses of macroeconomic aggregates as a properly de…ned negative preference shock. At the heart of this equivalence result is that the household would adjust its consumption, and thus saving, in the same manner under the two types of shocks, which results in an equivalent subsequent growth path of investment, capital and output. Therefore, one can interpret volatility shocks as a class of preference shocks characterized by the linear function described above.
This paper is closely related to the strand of literature that examines the economic impact of time-varying uncertainty. Examples include Bloom (2009) , and Leduc and Liu (2015) . These studies show that a rise in volatility alone can have sizable negative e¤ects on economic activity in the absence of any level shocks. This paper di¤erentiates itself from the existing studies along two notable dimensions. First, it proves that there exists an explicit mapping between volatility shocks and preference shocks. This equivalence result provides a theoretical justi…cation for the claim made by Leduc and Liu (2015) that uncertainty shocks are aggregate demand shocks. 2 It also helps us understand why volatility shocks have been successful in explaining empirical business cycle regularities, since earlier studies have shown that preference shocks are typically e¤ective in producing the classic business cycle patterns. Second, in contrast to existing papers mainly using quantitative DSGE models, this paper characterizes the impulse responses of volatility shocks in an analytic fashion, and derives the conditions under which the negative relationship between uncertainty and economic activity holds. The remainder of this paper is organized as follows. Section 2 describes the benchmark model. Section 3 constructs an economy with preference shocks, and shows an explicit relationship between volatility shocks and a certain class of preference shocks. Section 4 concludes.
The Model
This section lays out a continuous-time endogenous growth model with recursive preferences and stochastic volatility in production.
Preferences
The representative in…nitely lived household values a stochastic process fC t g of a numeraire consumption good according to a recursive utility function introduced by Du¢ e and Epstein (1992) , which is a continuous-time analogue of the discrete-time recursive utility proposed by Epstein and Zin (1989) :
where the function f is a normalized aggregator of the form
Here is the rate of time preference, is the intertemporal elasticity of substitution (IES), and is the coe¢ cient of relative risk aversion. The recursive utility function (1) generalizes the standard time-additive constant-relative-risk-aversion (CRRA) expected utility function by separating the risk aversion from the IES, and nests the CRRA utility as a special case for = 1 . As will be clear later, disentangling the risk aversion and the IES is important for the model to generate plausible impulse responses to volatility shocks. In the economy, the household forms its expectation based on information available at a given time t, i.e.,
, where the information sets over time are represented by a …ltration fF t g associated with a complete probability space ( ; F; P), with F and P denoting, respectively, the -algebra on and the probability measure on F.
Production
There is a representative …rm endowed with an AK production technology of the form
where A is a positive productivity parameter, and capital K t is the sole factor for producing output Y t that can be used for both consumption C t and investment I t . The capital stock of the …rm is assumed to evolve as
where fB 1t g is a standard Brownian motion in R driving capital depreciation shocks. 3 Except for time-varying volatility, technology speci…cations in (3) and (4) are common in the literature, such as Epaularda and Pommeret (2003) . The variable v t in (4), which denotes the variance of capital depreciation shocks, follows a mean-reverting CIR process proposed by Cox, Ingersoll and Ross (1985):
where fB 2t g is another standard Brownian motion in R, and parameters , m and denote, respectively, the mean-reverting rate, the mean volatility level, and the volatility of volatility. The two random variables B 1t and B 2t characterize, respectively, the level risk and the volatility risk in capital accumulation, since shocks fdB 1t g in (4) directly determine the level of future capital, whereas shocks fdB 2t g in (5) indirectly a¤ect capital accumulation by changing the dispersion of level shocks. For expositional simplicity, I assume that level shocks and volatility shocks are independent, so the paper focuses on connections between volatility shocks and economic activity that arise through the model's internal economic structure rather than through purely statistical channels between the two types of shocks. Denote
As shown in Cox, Ingersoll and Ross (1985) , when > 0 and m > 0, the CIR process fv t g in (5) stays non-negative after starting with a positive value, and has a stationary Gamma distribution with the shape parameter and the scale parameter . The associated stationary density function is
where (x) = R 1 0 e z z x 1 dz represents the Gamma function. The unconditional mean and variance of fv t g in the stationary distribution (7) equal m and
, respectively.
The Social Planner' s Problem
The Pareto optimal allocation of the economy is that given initial capital stock K and volatility level v, the social planner chooses an optimal consumption stream to maximize the representative household's utility given by (1) and (2), subject to feasibility constraints (3) to (5). Let
be the value function and the consumption function of the social planner's problem, which is characterized by the following Hamilton-Jacobi-Bellman (HJB) equation:
Applying the conjecture-verify method, one can show that
5 For a given function u (x; y), I use u x , u y , u xx and u yy to denote derivatives where g ( ) is a function satisfying the following ordinary di¤erential equation (ODE):
with the parameter ! de…ned as
I now use the benchmark model to analyze the consequences of a temporary increase in uncertainty. Such an examination is useful, since it can evaluate whether the model is capable of generating empirically plausible predictions. The results are summarized in Proposition 1.
Proposition 1 Suppose at time t 0 , the economy is hit by a one-time adverse volatility shock, i.e., dB 2t 0 > 0, dB 2t = 0 for t > t 0 (uncertainty increases suddenly at t 0 ), and there are no level shocks, i.e., dB 1t = 0 for t t 0 . It follows that 1. if < 1, then the growth rates of output and consumption increase immediately at t 0 and decline afterwards.
2. if > 1, then the growth rate of output …rst decreases at t 0 and then gradually picks up as time passes; if, in addition, the volatility shock at t 0 is large enough, i.e., v t 0 > v for some number v , then consumption growth also falls at t 0 and rises gradually afterwards.
Proof. I …rst derive an approximate analytical solution to ODE (10) using an approximation technique similar to that adopted in Chacko and Viceira (2005) . De…ne d (v) = log
! K is the optimal consumption function given in (9) . Note that q 0 is positive by construction and its value is endogenously determined within the model. Linearizing the function
, by which (10) can be rewritten as
Here = log + A , e ( ) is a function de…ned as e (q) = ! 1 1 (q (1 + log log q) (1 + log log )) ;
and q 0 is a constant given by q 0 = exp
, where E v [ ] denotes the expectation with respect to the invariant distribution (7), and g ( ) is the exact solution to (10) . It is straightforward to show that the approximate ODE in (12) is solved byĝ (v) = exp fâ 0 +â 1 vg, where parametersâ 0 andâ 1 are given bŷ
I next use the approximate solution to examine the impact of the given volatility shock at t 0 on the growth rates of output and consumption. Note by (3) and (4), one has
Given dB 1t = 0 for t > t 0 , it follows from (15) that the growth rate of output equals f Y (v t ) after t 0 . By (15) , f Y (v t ) decreases (increases) with v t if > (<) 1. This implies that if > 1, the growth rate of output decreases at t 0 and then picks up as volatility reverts down to its pre-shock level, whereas the opposite holds if < 1. Meanwhile, by Ito's lemma, one obtains
Given dB 1t = dB 2t = 0 for t > t 0 , the growth rate of consumption equals f C (v t ) by (16) after 
Thus, if < 1, the growth rate of consumption increases after the volatility shock, while if > 1, the opposite is true as long as the shock is large enough. Proposition 1 shows that when the IES is greater than one, which is an empirically plausible assumption, 6 a large increase in volatility can decelerate the growth of output and consumption in the absence of any level shocks, a result consistent with related …ndings in the existing literature of uncertainty shocks. In the face of elevated uncertainty about future capital returns, the risk-averse representative household would prefer to spend a greater fraction of its current wealth on consumption, 7 with the resulting decreased investment in the …rm slowing the pace of capital accumulation and output growth after the volatility shock. Subsequently, future consumption falls relative to current consumption, implying a slower growth in consumption.
The proposition also suggests that for the model to generate plausible impulse responses to volatility shocks, the IES has to be greater than one. This justi…es the use of recursive utility rather than CRRA utility in the analysis, since in the latter case the IES is the reciprocal of the risk aversion, and a risk aversion greater than one, a widely accepted assumption, would necessarily imply an IES below unity. The recursive utility function, however, does not impose the same restriction, because the two parameters are determined separately.
Volatility Shocks as Preference Shocks
This section presents the main results of the paper by establishing an equivalence result between volatility shocks and a certain class of preference shocks.
Consider an economy di¤ering from its benchmark counterpart in Section 2 in two dimensions. First, instead of varying over time as in (5), the variance of capital depreciation shocks is …xed at m, which equals the steady-state volatility level of the CIR process in (5) . Accordingly, the capital stock accumulates over time as
where nB 1t o is a standard Brownian motion on R representing capital depreciation shocks. For easy di¤erentiation, a tilde is used to denote a variable in the newly constructed economy throughout the paper. Mathematically, equation (19) is a special case of (4) by setting either the mean-reverting rate = 1 or the volatility of volatility = 0 in (5), so volatility shocks are turned o¤.
The second di¤erence is that in this new economy the representative household is subject to periodic preference shocks, and its utility process
has a recursive representation as
where the functionf takes the form
and the process f' t g evolves according to (2), it is evident that the term ' in (21) represents a preference shock to the household, where all else equal a larger ' raises the utility of the household as f ' C ; ';Ṽ > 0. As will be clear later, the preference-shock term ' in ‡uences the household's consumption-saving decisions by a¤ecting its marginal utility of consumption, a mechanism similar in spirit to studies based on recursive preferences, such as Albuquerque et al. (2016) . For expositional convenience, this newly constructed economy is named the economy with preference shocks, de…ned together by equations (3), and (19) to (22).
Proposition 2 Let the Pareto optimal allocation in the economy with preference shocks be represented by the value functionJ : R 2 ! R; K ; ' 7 !J K ; ' and the consumption functionC : R 2 ! R; K ; ' 7 !C K ; ' . Then, it holds that
where the function ' is de…ned as
and functions J ( ) and C ( ) are given in (9).
Proof. By de…nition, the value functionJ and the consumption functionC must satisfy the following HJB equation:
(25) ConjectureJ is of the formJ
for some unknown function h. The …rst-order condition of equation (25) with respect toC isfC C ; ';J =JK K ; ' , which by the functional forms off andJ imply the optimal consumption functionC
Substituting (26) and (27) into (25) leads to that h ( ) satis…es the following ODE:
One can directly verify that the function
solves ODE (28), where g ( ) is de…ned by (10) . Therefore, by (24) and (29), one has h (' (v)) = g (v), and thus J (K; v) =J (K; ' (v)) and C (K; v) =C (K; ' (v)) from (9), (26) and (27). Proposition 2 says that all else equal, the household in the benchmark economy with volatility equal to v would choose the same amount of consumption and achieve the same level of lifetime utility as the household in the economy with preference shocks when its associated preference term equals ' (v). This result stems from the equivalence in the household's marginal utility of consumption in the two economies, since f C (C; J (K; v)) =fC C ; ' (v) ;J (K; ' (v)) for all (K; v) 2 R 2 . As a consequence, volatility shocks can be mapped into a special class of preference shocks with the underlying link represented by the linear function ' ( ) in (24). According to the form of the function, an increase in volatility (dv > 0) resembles a decrease in the preference term (d' = 2 dv < 0), whose size increases with the risk aversion and decreases with the rate of time preference . Intuitively, the more risk-averse (larger ) or the more patient (smaller ) the representative household, the greater the impact of changes in uncertainty about future capital returns. Note by (24) the unconditional mean of preference shocks f' (v t )g is zero since the long-run average of the process fv t g in (5) equals m.
The next proposition describes the key result of this paper of equivalence in the way macroeconomic aggregates respond to volatility shocks and preference shocks.
Proposition 3 Suppose at the beginning of time t 0 , the benchmark economy has capital stock K t 0 and volatility level m, while the economy with preference shocks has capital stock K t 0 and preference term ' = 0. At time t 0 , the two economies are hit, respectively, by a one-time adverse volatility shock, i.e., dB 2t 0 > 0, dB 2t = 0 for t > t 0 (uncertainty increases suddenly at t 0 ), and a one-time negative preference shock, i.e., dB 2t 0 = dB 2t 0 > 0, dB 2t = 0 for t > t 0 (current-period utility decreases immediately at t 0 ). There are no level shocks in either economy, i.e., dB 1t = dB 1t = 0 for t t 0 . Then, it holds that
where ' t represents the preference term evolving according to (22).
Proof. By (5) and the condition dB 2t = 0 for t > t 0 , the volatility process right after the volatility shock at t 0 can be written as dv t = (m v t ) dt with v t 0 = m + p mdB 2t 0 , which implies that v t = e (t 0 t) v t 0 + 1 e (t 0 t) m, t > t 0 . Similarly, the dynamics of the preference term ' t after t 0 can be expressed as d' t = ' t dt with ' t 0 = 2 p mdB 2t 0 , which implies that ' t = ' t 0 e (t 0 t) , t > t 0 . Given dB 2t 0 = dB 2t 0 , one has
By (3), (4) and (9), the growth rate of capital in the benchmark economy is
where the last equality is due to the absence of level shocks, i.e., dB 1t = 0 for t t 0 . Similarly, the growth rate of capital in the economy with preference shocks equals
By (24), (29) and (31), it follows that
implying that dK t =K t = dK t =K t for t > t 0 . Because capital equals K t 0 at time t 0 in both economies, one has for t t 0 , K t =K t and thus Y t = AK t = AK t =Ỹ t . Consequently, by (9), (27) and (34), it holds that
showing that the paths of consumption are identical in the two economies. Since investment is the di¤erence between output and consumption, I t =Ĩ t for t t 0 . Proposition 3 states that the impulse responses of macroeconomic aggregates to an adverse volatility shock in the benchmark economy are exactly the same as those to a negative preference shock in the economy with preference shocks. More precisely, as seen in the proof of the proposition, the growth dynamics of capital, output, consumption and investment driven by a sudden increase in volatility dv t 0 = p mdB 2t 0 > 0 (due to a one-time innovation dB 2t 0 in the volatility process (5)) are equivalent to that driven by a sudden decrease in the current-period utility d' t 0 = 2 p mdB 2t 0 < 0 (due to a one-time innovation dB 2t 0 = dB 2t 0 in the preference process (22)). Lying at the heart of this equivalence result is that as shown in (23), given the same initial capital stock, the household adjusts its consumption to the subsequent series of volatility fv t g t t 0 in the same manner as it does to the subsequent series of preference term f' (v t )g t t 0 , which leads to identical paths of investment, capital and output.
The above revealed equivalence between volatility shocks and preference shocks is not only interesting in theory, but is also useful for gaining insight into the economic impact of volatility shocks. Propositions 2 and 3 together uncover an explicit mapping from volatility shocks to preference shocks, such that an increase in uncertainty acts like a negative preference shock with regard to the impulse responses of macroeconomic aggregates. The existence of such a mapping allows one to interpret volatility shocks as preference shocks, which makes it straightforward to understand why a rise in volatility has negative e¤ects on economic activity as shown in the literature. The …nding of the mapping also closely relates the current paper to Leduc and Liu (2015) , who argue that volatility shocks operate as aggregate demand shocks. The authors document from the data that an increase in uncertainty leads to higher unemployment and lower in ‡ation, a result robust to alternative uncertainty measures, identi…cation strategies, and model speci…cations. They show that the demand-shock-like macroeconomic e¤ects of volatility shocks can arise in a DSGE model with labor search frictions and nominal rigidities. This paper complements the work of Leduc and Liu (2015) by deriving an exact mapping between volatility shocks and preference shocks, and thus providing a theoretical justi…cation for the demand-shock nature of volatility shocks. 8 
Conclusion
This paper presents an intuitive interpretation of volatility shocks using a tractable endogenous growth model with recursive preferences and stochastic volatility. I show that there exists an explicit mapping between volatility shocks and preference shocks, such that a rise in volatility generates the same impulse responses of macroeconomic aggregates as a properly speci…ed negative preference shock. To preserve tractability and economic intuition, the model is deliberately kept simple, so the paper can explicitly analyze the impact of volatility shocks. There are limitations in the study. For example, the model assumes linear production technology and abstracts from labor markets. It would be very interesting to explore the existence or even characterize the properties of some mapping between volatility shocks and preference shocks in a model that incorporates features such as nonlinear technology or labor supply. In light of the …ndings in Leduc and Liu (2015) and this paper, it is reasonable to believe that the close relationship between the two type of shocks would still hold in a more general setting.
